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On Finite-Time Stabilization of Evolution Equations: A Homogeneous
Approach
Andrey Polyakov, Jean-Michel Coron, Lionel Rosier
Abstract— Generalized monotone dilation in a Banach space
is introduced. Classical theorems on existence and uniqueness of
solutions of nonlinear evolution equations are revised. A univer-
sal homogeneous feedback control for a finite-time stabilization
of linear evolution equation in a Hilbert space is designed using
homogeneity concept. The design scheme is demonstrated for
distributed finite-time control of heat and wave equations.
I. INTRODUCTION
The homogeneity is a sort of symmetry of an object, when
it remains consistent with respect to a dilation operation
[1], [2], [3], [4], [5], [6], [7], [8]. For models described
by ordinary differential equations (ODEs) homogeneity is
applied for control and observer design as well as for analysis
of qualitative behavior of the closed-loop systems. There are
a lot of controllers and observers with finite convergence
time with negative homogeneous degree to the closed-loop
system, since asymptotic stability in this case implies the
finite-time one [1], [9], [10], [11], [12], [13], [14], [15]. For
example, in [16], [10], [12], [13], [15], [17] homogeneous
feedbacks are designed for fast robust stabilization of linear
plants, but in [12], [18], [19], [20] homogeneous dynamic
observers are developed for non-asymptotic state estimation.
Finally, homogeneity allows robustness analysis to be done
easily for essentially nonlinear systems [21], [22], [23].
Partial differential equations with homogeneous (with re-
spect to uniform scaling) operator were studied in [24],
[25], [26], where some regularizing effects and integrability
properties of homogeneous systems have been discovered. A
version of weighted homogeneity for sub-elliptic operators
is considered in [5]. In [14] a generalized (geometric) homo-
geneity for evolution equation is introduced. It was demon-
strated that all important properties of homogeneous systems
like scalability of solutions, expansion of local results to
global cases and finite-time stability for negative degree can
also be discovered for homogeneous evolution equations in
Banach spaces. Generalized homogeneity can be established
for many well-known partial differential equations [14] like
KdV, Saint-Venant, heat, wave and fast diffusion equations.
The finite-time control of partial differential equations is
a topic of intensive research [27], [28], [29], [30], [31]. This
problem is related with analysis of controllability and null
controllability of the system. This paper presents the first
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attempts to design finite-time control based on generalized
homogeneity presented in [14]. First, the problem of exis-
tence of solutions of quasi-linear systems with homogeneous
non-linearity is studied. Next, a novel universal scheme
of homogeneous finite-time control design for evolution
equation in a Hilbert space is developed using properties
of homogeneous norms of smooth monotone dilations.
Notation: R is the field of real numbers; R+ = [0,+∞); B
is a real Banach space with the norm ‖·‖; H is a real Hilbert
space with the inner product 〈·, ·〉; Hn(X,R) = Wn,2(X,R)
is the Sobolev space of functions X → R (with H0 = L2),
where X ⊂ R is any open set.
II. HOMOGENEOUS DILATIONS IN BANACH SPACES
A. Dilation group
Let L(B) be the space of linear bounded operators B→ B.
Definition 1 ([14]): A map d : R → L(B) is called
dilation in the space B if it satisfies
• the semigroup property: d(0) = I ∈ L(B) and d(t +
s) = d(t)d(s) for t, s ∈ R;
• the strong continuity property: the map d(·)u : R→ B
is continuous for any u ∈ B;
• the limit property: lim
s→−∞
‖d(s)u‖ = 0 and
lim
s→+∞
‖d(s)u‖ =∞ uniformly on u ∈ S.
The dilation d is strongly continuous group [14].
Definition 2 ([14]): A nonempty set D ⊆ B is said to be
d-homogeneous iff D is invariant with respect to dilation
d : R→ L(B), i.e. d(s)z ∈ D for z ∈ D and s ∈ R.
In particular, the d-homogeneous set D may be a cone in B.
The homogeneous sphere of the radius r is given by
Sd(r) = {u ∈ D : d (− ln(r))u ∈ S} , r > 0.
Obviously, Sd(1) = S ∩ D. Let us denote
‖g‖DL = sup
u∈Sd(1)
‖g(u)‖, bgcDL = inf
u∈Sd(1)
‖g(u)‖
for g∈L(B). Obviously, ‖g‖BL is the canonical norm in L(B).
The limit property of the dilation immediately implies that
‖d(s)‖BL → 0 as s→ −∞ and bgcBL → +∞ as s→ +∞.
Homogeneous sets and spheres have some useful proper-
ties to be utilized below for analysis of evolution equation.
If D is a nontrivial1 d-homogeneous set then [14]
• ‖d(s)‖DL 6= 0, s ∈ R and d(s) 6= I ∈ L(B) if s 6= 0;
• bd(s)cDL < 1 if s < 0 and 1 < ‖d(s)‖L <∞ if s > 0;
• Sd(1) =D ∩ S 6= ∅ and for any u∈D\{0} there exist




Sd(r) and Sd(r) = d(ln(r))Sd(1).
1The set D is non-trivial if it contains elements different from 0.
B. Generator of dilation
The operator Gd : D(Gd) ⊂ B→ B defined as
Gdu = lims→0 s
−1(d(s)u− u)
is known (see, e.g. [32, Ch. 1]) as the generator of the group
d(s) with the domain D(Gd) = {u ∈ B : lim
s→0
s−1(d(s)u −
u) exists} dense in B. Obviously, the domain D(Gd) is d-
homogeneous linear subspace of B. The generator Gd is
a linear possibly unbounded operator, which satisfies the
following property ([32, Ch. 1, Theorem 2.4]: for any u ∈
D(Gd) and any s ∈ R+ one holds d(s)u ∈ D(Gd) and the
function d(·)u : R+ → D(Gd) is continuously differentiable
d
dsd(s)u = Gdd(s)u = d(s)Gdu.
Example: If B = H0(R,R) then the dilation defined as
d(s)u(x) = esu(eνsx), s ∈ R+, u ∈ B, x ∈ R has the
generator (Gdu)(x)=νxu′(x) + u(x).
Remark 1: If the generator Gd is a bounded linear oper-
ator then the group d is uniformly continuous [32, Ch.1],
‖d(s)‖BL ≤ e‖Gd‖s and ddsd(s) = Gdd(s) for any s ∈ R.
C. Monotone dilations
In this paper we deal with so-called monotone dilations.
Definition 3: The dilation d is monotone on d-homoge-
neous set D⊂B if it is a strong contraction for s < 0, i.e.
‖d(s)‖DL < 1, ∀s < 0. (1)
It is worth stressing that monotonicity of dilation depends





is monotone with respect to B = R2 equipped with the
conventional Euclidean norm, but it is non-monotone in the




























In the latter case, the curve {d(s)u : s ∈ R} may cross the
homogeneous sphere in two different points. One has the
following proposition, which is proved in Appendix A.
Proposition 1: If the dilation d is monotone on d-
homogeneous set D ⊂ B then
1) bd(s)cDL > 1 for s > 0;
2) for any u ∈ D there exists a unique pair (s0, u0) ∈
R× Sd(1) such that u = d(s0)u0;
3) the function ‖d(·)u‖ : R→ R+ (with u ∈ D\{0}) is
continuous and strictly monotone increasing on R;





lower(upper) semicontinuous and strictly increasing:
bd(0−)cDL · ‖d(0+)‖DL = ‖d(0−)‖DL =bd(0+)cDL = 1.
D. Homogeneous norm
For d-homogeneous set D we can introduce the so-called
homogeneous ”norm”.
Definition 4: A functional p : D ⊂ B → R+ is said to
be d-homogeneous norm on D if p(u) → 0 as u → 0 and
p(d(s)u) = esp(u) > 0 for u ∈ D\{0}, s ∈ R.
In this paper we introduce the canonical homogeneous
“norm” for monotone dilation d as follows
‖u‖d = esu , where su ∈ R : d(−su)u ∈ Sd(1). (2)
In this case the identity ‖u‖d = r implies u ∈ Sd(r), r ≥ 0.
The next obvious relation relates the norm in the Banach
space B and its homogeneous norm:
σ1(‖u‖d) ≤ ‖u‖ ≤ σ2(‖u‖d), (3)




some continuous increasing functions.
The homogeneous ”norm” ‖ · ‖d is not a norm in the
classical sense, but it defines a sort of topology in D, e.g. the
homogeneous ball of the radius r > 0 is defined as follows
Bd(r) = {u ∈ D : ‖u‖d < r} . The next two propositions
are proved in Appendix.
Proposition 2: If d is monotone dilation on D ⊂ B,
z ∈ C((a, b),B) and z(t) ∈ D\{0} for all t ∈ (a, b) then
‖z(·)‖d ∈ C((a, b), (0,+∞)).
Proposition 3: If d is monotone and uniformly continuous
on B then
∣∣∣‖u1‖‖Gd‖d −‖u2‖‖Gd‖d ∣∣∣≤‖u1−u2‖, u1,u2∈B\{0}.
The latter inequality implies Lipschitz continuity of the
homogeneous norm outside the origin if the dilation is
uniformly continuous.
Definition 5: A monotone dilation d is said to be Fréchet
differentiable (smooth) on D ⊂ B if the homogeneous norm
‖ · ‖d is Fréchet differentiable (smooth) on D\{0}.
Let d be a dilation of a Hilbert space H and let the norm
in H be induced by the inner product ‖ · ‖ =
√
〈·, ·〉. If d is
monotone on D ⊂ D(Gd) then the Fréchet derivative of the
homogeneous norm ‖ · ‖d admits the representation
(D‖u‖d) (·) = e−s 〈d(s) · ,d(s)u〉〈Gdd(s)u,d(s)u〉 , (4)
where s ∈ R : ‖d(s)u‖ = 1 and u ∈ D\{0}. This formula
immediately follows from implicit function theorem [33,
Theorem E], the identity (D‖u‖)(·) = 〈u, ·〉+〈· ,u〉2‖u‖ =
〈· ,u〉
‖u‖
and the property ddsd(s)u = Gdd(s)u for u ∈ D(Gd),
which always holds for strongly continuous semigroups [32].
Therefore we have proven the following
Proposition 4: If 〈u,Gdu〉 6= 0 for all u ∈ D\{0} then d
is Fréchet smooth on D ⊆ H.
Remark 2 (Multi-dilations): The dilation d can com-
bine two (or several) strongly continuous groups d(s) =
d1(s)d2(s) provided that they commute : d1(s)d2(s) =
d2(s)d1(s) for all s ∈ R. It can be shown that Gd =Gd1+Gd2 .
III. HOMOGENEOUS EVOLUTION EQUATIONS
Let us consider nonlinear evolution equation
u̇(t) = f(u(t)), t > t0, (5)
u(t0) = u0 ∈ D, (6)
where t0 ∈ R, u(t) ∈ B and f : D ⊂ B→ B.
Definition 6 ([14]): An operator f : D → B is said to be
d-homogeneous of degree ν if D is d-homogeneous set and
f(d(s)u)=eνsd(s)f(u), s∈R, u∈D, (7)
where d is a dilation in B and ν ∈ R.
The equation (5) is homogeneous if f is d-homogeneous.
One has the following proposition, which is proved in
Appendix D.
Proposition 5: Let a dilation d be uniformly continuous
and monotone on B and an operator p : B → B be d-
homogeneous of degree ν.
• If p satisfies a Lipschitz condition on S then it satisfies
a Lipschitz condition on K(r1, r2) = {u ∈ B : r1 ≤
‖u‖ ≤ r2} with 0 < r1 < r2 < +∞.
• If p is Fréchet differentiable on S and d is Fréchet
smooth on B then p is Fréchet differentiable on B\{0}:
Dp(z) = eν ln ‖z‖d d(ln ‖z‖d)Dp(z0)d(− ln ‖z‖d),
where Dp(z) ∈ L(B) and Dp(z0) ∈ L(B) are Fréchet
derivatives of p at z ∈ B\{0} and z0 ∈ S, respectively.
The latter properties of the homogeneous operator allows
us to refine the classical results about existence of solutions
of quasi-linear evolution equations.
Corollary 1 (On Homogeneous Perturbation): Let






in B and M1(1−σ1(t))‖u‖≤
‖eAtu‖ ≤M2(1 + σ2(t))‖u‖ for u ∈ B and t ∈ [0, T ],
where Mi > 0, σi : R+ → R+ are continuous non-
decreasing functions, σi(0)=0, i=1,2 and T > 0;
• d be a uniformly continuous monotone dilation on B;
• an operator p : B→ B be d-homogeneous of degree ν
and satisfy Lipschitz condition on S,
then the nonlinear evolution equation (5) with f = A + p
has a unique mild solution




for any u(0) ∈ B\{0} with t ∈ (0, tmax), where tmax = +∞
or ‖u(t)‖ → +∞ or ‖u(t)‖ → 0 as t→ tmax.
The proof of this corollary follows from [32, Theorem 1.4,
Chapter 6] and Proposition 5.
Corollary 2 (Regularity): If all conditions of Corollary 1
hold, the dilation d(s) is Fréchet smooth on B and p : B→ B
is Fréchet smooth on S then the solution (8) is classical2 one.
The proof of this corollary can be derived using [32, Theorem
1.5, Chapter 6] and Proposition 5.
Example: Let B =L2(R,R), A= ∂
2
∂x2 , p(u) = k‖u‖
α−1u
and k ∈ R, α ∈ R+. Using the heat kernel we can show
that {eAt} satisfies conditions of Corollary 1. The operator p
is d-homogeneous for uniformly continuous Fréchet smooth
dilation d(s) = esI , Gd =I∈L(B), In addition, p is Fréchet
smooth on S. Therefore, all conditions of Corollary 2 hold,





α−1, t ∈ R+, x ∈ R,
u : R+ × R→ R and k, α ∈ R.
has a unique classical solution defined at least locally on
[0, tmax) for any non-trivial initial condition u(0)∈D(A)\0.
IV. HOMOGENEOUS FINITE-TIME CONTROL
Let us consider the following control system
u̇(t) = Au(t) +Bξ(u(t)), t > 0 (9)
2According to [32] a continuous function u : [0, T ] → B is called
classical solution to (5) if u(t) ∈ D(A) for 0 < t ≤ T , u is continuously
differentiable on 0 < t < T and satisfies (5), (6).
u(0) = u0 ∈ D(A), (10)
where the operators A : D(A)→ H and B : D(B) ⊂ B→
H are linear, B is a Banach space, H is a Hilbert space with
the inner product 〈·, ·〉, D(A) and D(B) are domains of the
operators, u(t) ∈ D(A) ⊂ H is the system state, ξ : D(A)→
D(B) is a bounded (locally or globally) feedback control to
be designed in order to steer any solution of the closed-loop
system to zero in a finite time. The problem of bounded finite-
time stabilizing control design for the considered system has
been studied, for example, in [35]. This problem also appears
in the context of sliding mode control of PDEs [36], [37].
In [38], [17] finite-time stabilizing feedback design is pro-
posed for ODE using a combination of the implicit Lyapunov
function method with the homogeneity approach. The design
procedure is composed of two steps. First, a linear stabiliz-
ing feedback is designed together with the corresponding
quadratic Lyapunov function. Next, homogeneous dilation
is applied in order to construct the finite-time stabilizing
feedback and the corresponding implicit Lyapunov function.
In this paper, we follow the same scheme and use the
homogeneous norm ‖u‖d defined by (2) as a Lyapunov
function. The specific feature of the infinite dimensional case
is multi-dilation application for finite-time control design.
Theorem 1 (On homogeneous finite-time feedback): If
A) the operator A : D(A) ⊂ H → H is an infinitesimal
generator of a strongly continuous semigroup on H and
B : D(B) ⊂ B→ H is a linear bounded operator,
B) the dilation d = d1d2 is monotone on H and combined
of two groups d1(s)d2(s) = d2(s)d1(s), s ∈ R such that
• d1 is a monotone uniformly continuous dilation,







M >0, ω+, ω−∈R,
• the operator A : D(A) ⊂ B → B is d-
homogeneous of a negative degree−µ andD(A) ⊂
D(Gd), where µ > 0 and Gd is the generator of d,
C) there exists a linear bounded operator K : H → B
such that BK(D(A)) ⊂ D(A) and
〈(A+BK+αGd) z,z〉+〈z,(A+BK+αGd)z〉≤ 0,
2β‖z‖2 ≤ 〈Gdz, z〉+ 〈z,Gdz〉,
for all z ∈ D(A), where α, β > 0 are some constants,
D) there exists a nonnegative number ν ≥ 0 such that the
operator BK satisfies e−νsd(s)BKz = BKd2(s)z for
all z ∈ D(A),
then the feedback ξ : H→B defined as
ξ(u) =
{
‖u‖ν−µd Kd1(− ln(‖u‖d))u if u 6= 0,
0 if u = 0
(11)
is locally bounded on H\{0}, Fréchet differentiable at any
point u ∈ D(A)\{0}, continuous at 0 ∈ H if ν + ω− > µ,
globally bounded (‖ξ(·)‖ ≤M‖K‖L) if ν − µ = ω+ ≥
−ω−, Bξ(D(A)) ⊂ D(A) and for any u(0) = u0 ∈
D(A)\{0} the closed-loop system (9), (11) has unique
classical solution u(t) ∈ D(A), such that ‖u(t)‖ → 0 as
t→ T (u0) ≤
‖u0‖µd
αµ .
If the first inequality in C) becomes an identity then
T (u0) =
‖u0‖µd
αµ . The proof of Theorem 1 is given in
[39], where non-homogeneous operators A are treated. For
H = Rn an analogue of Theorem 1 has been proven in [38].
Remark 3: Theorem 1 asks the operator A to be ho-
mogeneous of negative degree, it is well known that linear
operators are always homogeneous with zero degree. Indeed,
for any linear operator A we have Ad(s) = d(s)A if d(s) =
esI . However, there exist linear operators, which may have
also positive and negative homogeneity degrees. For example,
if B = Rn then the operator A =
(
0 1 0 ... 0 0
0 0 1 ... 0 0
... ... .... ... ...
0 0 0 ... 0 1
0 0 0 ... 0 0
)
is d-homogeneous with positive degree ν = 1 if d(s) =
diag{eis}ni=1 and d-homogeneous with negative degree ν =
−1 if d(s) = diag{e(n−i)s}ni=1. For B = L2(R,R) the
Laplace operator A = ∂
2
∂x2 has similar property: it is d-
homogeneous of degree 2µ if (d(s)u)(x) = esu(eµsx), where
µ ∈ R is an arbitrary number. Theorem 1 can be applied to
plant models with such operators.
V. EXAMPLES OF FINITE-TIME CONTROL DESIGN
A. Example 1: Heat Equation on R+
Let us denote H = H0(R+,R), B = I ∈ L(H) and
consider the operator A = ∂
2






Let us consider the dilation d(s) = d1(s)d2(s), where
d1(s) = eνsI with ν > 0 is uniformly continuous monotone
dilation on H, Gd1u = νu and (d2(s)u)(x) = u(e−µsx), x ∈
R+, µ > 0 is strongly continuous group on H, (Gd2u)(x) =
−µxu′(x), x ∈ R+. The operator A is d-homogeneous of
degree −2µ and BK satisfies condition D) of Theorem 1.
Taking into account that Gdu = νu − µxu′ we derive
(A+BK+αGd)z = z
′′−ρz+ανz−αµxz′. Since for any
z ∈ D(A) we have 〈xz′, z〉 = 0.5xz2(x)
∣∣+∞
0
− 0.5〈z, z〉 =
−0.5〈z, z〉 then for ρ ≥ α(ν + 0.5µ) we derive 〈(A +
BK + αGd)z, z〉 = −〈z′, z′〉 − (ρ − α(ν + 0.5µ))〈z, z〉 ≤
0 if z ∈ D(Ã). Therefore, all conditions of Theorem 1
hold and the distributed feedback control (11) stabilizes at
zero any solution of (9) in a finite-time. Let us find an




2(x)dx then ‖u‖d = ‖u‖1/(ν+0.5µ). So,




is continuously Fréchet differentiable on D(A)\{0}, continu-
ous at 0 if ν > 0.5µ and globally bounded (but discontinuous
at 0) if ν = 0.5µ.
B. Example 2 : Wave Equation on R
The distributed finite-time control design procedure is
based on Theorem 1. We rewrite the wave equation in the
form (9) and check all conditions of the theorem.
A) Let us denote H = H1(R,R) × H0(R,R) and
u = (u1, u2)







: D(A) ⊂ H→ H,
where D(A) = H2(R,R) × H1(R,R), O ∈ L(H0(R,R))
and I ∈ L(H0(R,R)) are zero and identity operators,
respectively, B = (OI ) : H
0(R,R) → H. It is known [32]
that A is a generator of strongly continuous semigroup in H.
Let us define the norm ‖ · ‖ =
√
〈·, ·〉 in H by means of







































> 0, X > 0,
where ν, µ ∈ R+, b = (0, 1)> , y> = (y1, y2)> ∈ R2. The
system of LMIs is always feasible [17] with respect to X
and y. Since (ν+1.5µ)X11 +X12 = 0 then it can be shown
that 0 < (ν+1.5µ)P22 = P12. Let the operator K be defined
as Kz = yP−1z for any z ∈ H.













u,Gd2u = −µxu′ for u ∈ D(A). The






then due to LMIs one holds dds‖d1(s)u‖
2 =∫
R u(x)
>d1(s)(Gd1P−1 + P−1Gd1)d1(s)u(x) + 2(ν +
µ)e2(ν+µ)s(u′1(x))
2dx > 0 for any s ∈ R, u ∈ D(A). The








The dilation d1 is uniformly continuous on H and the
dilation d is Fréchet smooth on D(A). The operator A is






































〈z,Gd2z〉 = −µ〈z, xz′〉 =
µ
2 〈z, z〉 and due to LMI one
has 〈z, (A0+BK+Gd1)z〉 = −
µ







2(x))dx, where 0 < (ν + 1.5µ)P22 = P12.
D) Since e−νsd(s)BK=BKd2(s) then by Theorem 1
wave equation admits homogeneous finite-time control (11),
so closed-loop system is homogeneous of degree −µ.
In general the homogeneous norm ‖ · ‖d (as well as
feedback (11)) is defined implicitly, see (2). Using the ideas
of [40] for ν = µ2 the homogeneous norm can be found
explicitly as a unique real non-negative solution to the
quartic equation V 4 = aV 2 + bV + c that is equivalent to















































so the feedback (11) for wave equation can be found in the




The paper introduces a novel framework for control design
based on generalized homogeneity of operators in Banach
and Hilbert spaces. The so-called monotone dilations and
homogeneous norms are studied. The conventional solution
existence theorems for quasi-linear equations are refined for
the case of homogeneous perturbations.
The universal homogeneous distributed finite-time control
is presented for evolution equations with plant model given
by a homogeneous linear (possibly unbounded) operator in
a Hilbert space. The presented results can be extended to
some Banach spaces. Currently, the proof of Theorem 1 is
essentially based on Fréchet smoothness of the homogeneous
norm, which is also required for existence of classical
solutions of the closed-loop system. This property can pos-
sibly be guaranteed for super-reflexive Banach spaces. The
extension to other Banach spaces will need another solution
existence/uniqueness theorem to be proven.
As examples of the main theorem the distributed finite-
time control has been designed for heat and wave equations
on unbounded domains. The case of bounded domains is
treated in [39], where Theorem 1 is refined for homoge-
neous extensions of operators. The developed homogeneous
framework looks promising for design of finite-time control
for linear and non-linear PDEs.
VII. APPENDIX
A. Proof of Proposition 1
1) If u ∈ Sd(1) then 1 = ‖u‖ = ‖d(−s)d(s)u‖ ≤
‖d(−s)‖DL · ‖d(s)u‖ for any s > 0. Hence, ‖d(s)u‖ ≥
1
‖d(−s)‖DL
for any fixed s > 0 and arbitrary u ∈ Sd(1). Due to
strong contraction (monotonicity) condition, 1 < 1‖d(−s)‖DL
≤
infu∈Sd(1) ‖d(s)u‖ = bd(s)cDL for any s > 0.
2) Existence of the pair (s0, u0) is provided in [14]. Let
us prove the uniqueness of this pair in the case of monotone
dilation. Suppose the contrary, i.e. for some u ∈ D there
exist (s1, u1) ∈ R × Sd(1) and (s2, u2) ∈ R × Sd(1) such
that (s1, u1) 6= (s2, u2) and d(s1)u1 = u = d(s2)u2. If
s1 = s2 then d(s1)u1 = d(s2)u2 ⇒ u1 = d(−s1 + s2)u2 =
u2 and we obtain the contradiction. If s1 6= s2 then u1 =
d(s2 − s1)u2. Without loss of generality we may assume
s2 − s1 < 0 (otherwise we consider the equivalent identity
d(s1−s2)u1 = u2). In this case 1 = ‖u1‖ ≤ ‖d(s2−s1)‖DL ·
‖u2‖ = ‖d(s2 − s1)‖DL . The obtained inequality contradicts
the monotonicity condition (1).
3) Strong continuity of the semigroup d implies continuity
of ‖d(·)u‖ for any u ∈ D. For any u ∈ D\{0} and any s1 <
s2 one have ‖d(s1)u‖ − ‖d(s2)u‖ = ‖d(s1)u‖ − ‖d(s2 −
s1)d(s1)u‖ ≤ (1 − bd(s2 − s1)cDL )‖d(s1)u‖, The property
1) immediately yields the strict monotonicity.
4) Let us notice that monotonicity of ‖d(·)‖DL and bd(·)cDL
follow from 3). Let us show that the considered functions
are lower and upper semicontinuous at s = 0, respectively.
Taking into account their monotonicity we have
‖d(s)‖DL → 1 + c+ and bd(·)cDL → 1 + c+ as s→ 0+,
‖d(s)‖DL → 1− c− and bd(·)cDL → 1− c− as s→ 0−,
where c+, c−, c+, c−∈R+. For u ∈ Sd(1) and s∈R we have
1 = ‖u‖ = ‖d(s)d(−s)u‖ ≤ ‖d(s)‖DL · ‖d(−s)u‖ and
1=‖u‖=‖d(s)d(−s)u‖≥bd(s)cDL · ‖d(−s)u‖.
Taking inf and sup on both sides of the obtained in-
equalities we derive 1 ≤ ‖d(s)‖L · bd(−s)cDL and 1 ≥
bd(s)cDL · ‖d(−s)‖DL for any s ∈ R. For s → 0+ we derive
(1 + c+)(1− c−) ≤ 1 ≤ (1 + c+)(1− c−), but for s→ 0−
we obtain (1 − c−)(1 + c+) ≤ 1 ≤ (1 − c−)(1 + c+). This
immediately implies 1 = (1−c−)(1+c+) = (1−c−)(1+c+).
Since ‖d(s)‖DL = ‖d(2s)d(−s)‖DL ≤ ‖d(2s)‖DL · ‖d(−s)‖DL
then taking into account monotonicity proven above we
derive ‖d(s)‖DL ≤ (1 − c−)‖d(2s)‖DL . For s → 0+ we
obtain 1 + c+ ≤ (1 − c−)(1 + c+), i.e. c− = 0 as well
as c+ = 0. Finally, using the group property it can be easily
shown that ‖d(·)‖DL : R→R+ is lower semicontinuous, but
bd(·)cDL :R→R+ is upper semicontinuous on R.
B. Proof of Proposition 2
If z ∈ C((a, b),B) and z(t) ∈ D\{0} then the function
qz : R × (a, b) → R, qz(s, t) = ‖d(−s)z(t)‖ − 1 is
continuous on both variables and strictly monotone on the
first variable for any t ∈ (a, b) (see, Proposition 1). Hence,
implicit function theorem [41, Theorem 1.1] implies that
there exists s̃z : (a, b)→ R such that s̃z ∈ C((a, b),R) and
qz(s̃(t), t) = 0 for all t ∈ (a, b). Hence, ‖z(·)‖d = es̃z(·) ∈
C((a, b), (0,+∞)).
C. Proof of Proposition 3
By definition of homogeneous norm we have ‖ui‖d = esi ,
where ‖d(−si)ui‖=1, si∈R, i=1,2. Since ‖d(−s1)u1‖ =
‖d(−s1)(u1−u2)+d(−s1+s2)d(−s2)u2‖ ≤ e−‖Gd‖s1‖u1−
u2‖ + e−‖Gd‖(s1−s2) then e‖Gd‖s1 − e‖Gd‖s2 ≤ ‖u1 − u2‖.
On the other hand, 1 = ‖d(−s2)u2‖ = ‖d(−s2)(u2 −
u1) + d(−s2 + s1)d(−s1)u1‖ ≤ e−‖Gd‖s2‖u1 − u2‖ +
e−‖Gd‖(s2−s1) and e‖Gd‖s2 − e‖Gd‖s1 ≤ ‖u1 − u2‖. So,∣∣∣‖u1‖‖Gd‖d − ‖u2‖‖Gd‖d ∣∣∣= ∣∣e‖Gd‖s1−e‖Gd‖s2∣∣≤‖u1−u2‖.
D. Proof of Proposition 5
I. Due to the relation (3) between norms there exists
smin, smax ∈ R such that ‖u‖d ∈ [esmin , esmin ] for all
u ∈ K(r1, r2). If z1, z2 ∈ K(r1, r2) then there exist
z01 , z
0
2 ∈ S and s1, s2 ∈ R such that z1 = d(s1)z01 and
z2 = d(s2)z02 . Hence, due to homogeneity of p we derive
‖p(z1) − p(z2)‖ = ‖eνs1d(s1)p(z01) − eνs2d(s2)p(z02)‖ =
‖eνs1d(s1)p(z01) − eνs2d(s1)p(z01) + eνs2d(s1)p(z01) −
eνs2d(s2)p(z01) + eνs2d(s2)p(z01) − eνs2d(s2)p(z02)‖ ≤
‖d(s1)‖BL‖p(z01)‖ · |eνs1 − eνs2 | + eνs2 · ‖d(s1)p(z01) −
d(s2)p(z01)‖+eνs2‖d(s2)‖BL‖p(z01)−p(z02)‖. Since d is uni-
formly continuous then ‖d(s)‖BL ≤ es‖Gd‖
B
L with Gd ∈ L(B)
and ‖d(s1)p(z01)− d(s2)p(z01)‖ =
∥∥∥Gd ∫ s2s1 d(s)p(z01)ds∥∥∥ ≤
supz∈S ‖p(z)‖ · |eµs1 − eµs2 |, where µ = ‖Gd‖BL. The
operator p satisfies a Lipschitz condition on the sphere S,
so ‖p(z01) − p(z02)‖ ≤ Lp‖z01 − z02‖ = Lp‖d(−s1)z1 −
d(−s2)z2‖ ≤ Lp‖(d(−s1)−d(−s2))z1‖+Lp‖d(−s2)(z1−
z2)‖ ≤ Lp‖z1‖ · |eµs1 − eµs2 | + Lp‖d(−s2)‖BL‖z1 − z2‖
for a constant Lp > 0. Taking into account s1 =
− ln(‖z1‖d), s2 = − ln(‖z2‖d) we derive ‖p(z1) −





L3‖z1 − z2‖. Hence, using Proposition 3 can be shown that
‖p(z1)− p(z2)‖ ≤ L‖z1 − z2‖, z1, z2 ∈ K(r1, r2),
where L depends on r1, r2, smin, smax, ‖Gd‖, Lipschitz
constant for p on the sphere S and on supz∈S ‖p(z)‖.
II. By definition of the Fréchet derivative we have
lim
‖∆h‖→0
‖p(z0 + ∆h)− p(z0)− (Dp(z0))(∆h)‖
‖∆h‖
= 0
for any z0 ∈ S. Due to z0 = d(− ln ‖z‖d)z
and homogeneity of the operator p we have p(z) =
eν ln(‖z‖d)d(ln(‖z‖d))p(z0). This imminently implies the an-
nounced formula for Fréchet derivative.
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